On the Schur subgroup of the Brauer group  by Fields, K.L & Herstein, I.N
JOURNAL OF ALGEBRA 20, 70-71 (1972) 
On the Schur Subgroup of the Brauer Group 
K. L. FIELDS AND I. N. HEKSTEIX 
Department of Mathematics, University oj C’hicago, 5734 Crniversity Avrmtr, 
Chica,go, Illinois 60637 
Received October 27, 1970 
TO PROFESSOR RICHARD HRAUER, TO COMMEMORATE HIS SEVENTIETH BIRTHDAY, 
FEBRI:ARI 10, 1 97 1 
In this note we investigate the subgroupwhich we call the Schur sub- 
group-of the Brauer group consisting of those algebra classes which appear 
as simple constituents of the group algebra QG of some finite group G over 
the rational field Q. 
The involution induced on the group algebra of a finite group G over the 
rationals by sending each g E G to g-1 fixes each of the central idempotents 
of QG, and hence induces an involution * on each of the simple components 
i3, of QG. The subfield of the center K of d4, which is left fixed by * is the 
maximal real subfield R of K, i.e., the field generated as a vector space over 
Q by @ (g) + @ (g-l), where @ is th e c raractcr of G corresponding to -4,; . I 
Hence if the center of A4, is real (i.e., if $$ is real) The Albert-Hasse-Brauer 
Noether Theorem implies that i2<_ is of index at most 2 in the Brauer group. 
This result is known as the BrauerSpeiser Theorem [2, 31. il’hen R f  K, 
&4 “, possesses an “involution of the second kind,” and results of Albert [ 1, 
Chapter X] may be applied. Hence, by [I, Theorem 211, if 4, is a quaternion 
algebra, then ‘3, must be of the form K $JR B where B is a quaternion 
algebra over R. Conversely, if d,, is of the form K zjR B for some R-central 
simple algebra B, then .A,3 must be a cluaternion algebra. For in this case, 
the automorphism of K over R can be extended to all of iz 3 (cf. MacLane 
[4]) and, when followed by *, yields an antiautomorphism of ~1,~ which 
leaves K fixed. (For a more general “necessary condition” on -4, in terms 
of its cyclic structure (see [I, Theorem 221). 
We summarize, making use of the fact that for any subfield F of a cyclotonic 
extension of Q, some matrix algebra over F appears as a constituent of some 
QG, together with the result of [3]: 
Let .4 be a K-central simple constituent of QG for some G. Let the maximal 
real subfield of K be R. 
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THEOREM 1. If .4 is of the form A- OR B for some R-central simple 
algebra B, then B is a quaternion algebra over R. 
This generalizes the Brauer-Speiser Theorem 
THEOREM 2. If A is a quaternion algebra, then iz is of the,form K (3)R B, 
where B is a quaternion algebra over R. 
TIIEOREIM 3 (Corollary). The quaternion algebras central simple over a 
quadratic imaginary extension of Q which appear in some QG are precisely those 
of the form Q( 2/ - a) go C where C is a quaternion algebra central simple 
over Q (and a is a positive integer). In fact, these are the only algebras of the 
form Q( ~1 - a) a0 D, D central simple over ,O, zlhich appear in sonzt? QG. 
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